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Abstract
The strong coupling constant of doubly heavy baryons with light pseudoscalar mesons pi and K
are computed within the light cone sum rules. We take into account two-particle and three-particle
distribution amplitudes of the said pseudoscalar mesons. We compare our result with the one existing in
the literature.
1 Introduction
The quark model has been very successful in studying the spectroscopy of baryons [1]. Many states of
baryons predicted by the quark model have already been observed in experiments. For instance, practically
all baryons containing single heavy quark have been observed in experiments.
The quark model also predicted the existence of the baryon family composed of two heavy and one light
quarks. During the last two decades, many experimental efforts have been made for observation of these
states [2, 3, 4]. First experimental evidence of the doubly heavy baryon Ξcc with mass 3520 MeV in the
channels Ξ+cc → Λ+c K−pi+ and Ξ+cc → pD+K− was found by the SELEX Collaboration. Three years ago,
the LHC-b Collaboration announced the observation of Ξ++cc through the process Ξ
++
cc → Λ+c K−pi+pi+ with
mass (3624.40 ± 0.72 ± 0.14) MeV [5]. Later, the LHC-b collaboration measured the lifetime of Ξ++cc and
confirmed the existence of Ξ++cc in the decay channel Ξ
+
ccpi
+ [6]. The search of other doubly heavy baryons
predicted by the quark model is now one of the main research areas in collider experiments [7, 8]. These
observations stimulated a lot of theoretical studies, which can shed a light on a deeper understanding of the
inner structure of these baryons.
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The study of the spectroscopy of doubly heavy baryons has been at the heart of tremendous theoretical
studies. Within the framework of the Hamilton method [9], the hypercentral method [10], the lattice QCD
[11, 12], the QCD sum rules [13, 14, 15, 16, 17, 18], the Bethe-Salpeter equation [19], and in an extended
chromomagnetic model [20], the spectroscopy of doubly heavy baryons has been completely studied.
For a deeper understanding of the dynamics of doubly heavy baryons, the study of their weak decays and
strong and electromagnetic transitions is an ideal place.
The semileptonic decays of doubly heavy baryons are analyzed within the QCD sum rules [21], and the
transitions ΞQQ′ → ΛQ′ and ΞQQ′ → ΣQ′ are studied within the light cone sum rules ([22] and [23],
respectively), in the framework of the light front formalism [24], in the nonrelativistic quark model [25], in
the relativistic quark model [26], in the covariant constituent quark model [27]. However, the main studies
focused on spectroscopic properties and weak decays of doubly heavy baryons. The studies of the strong
and electromagnetic decays of doubly heavy baryons are very limited. Therefore, the study of their strong
transitions would be timely.
In the present work, we study the strong coupling constants of doubly heavy baryons with the light pseu-
doscalar mesons pi and K within the light cone sum rules (LCSR) (For a discussion on the LCSR method, see
for example [28]). Note that the strong coupling constants ΞccΞccpi and ΞbbΞbbpi within the same framework
are studied in [29].
The paper is organized as follows. In Section 2, we derive the LCSR for the strong coupling constants of
doubly heavy baryons with pseudoscalar mesons pi and K. In this section, we present the details of the
calculations for the strong coupling constants. Section 3 is devoted to the numerical analysis of the sum
rules for the strong coupling constants. This section also contains our summary.
2 LCSR for the strong coupling constants of doubly heavy baryons
with pseudoscalar mesons
In order to determine the strong coupling constants of doubly heavy baryons with pseudoscalar mesons
within the LCSR, we introduce the following correlation function.
Π = i
∫
d4x eipx 〈P(q) |η(x)η¯(0)| 0〉 (1)
where P(q) is a pseudoscalar meson with momentum q and η denotes the interpolating current of the
corresponding doubly heavy baryon. The SU(3) classification leads to the fact that there are two types of
currents: symmetric and antisymmetric with respect to the exchange of two heavy quarks. The antisymmetric
current exists only in the case in which two heavy quarks are different. The general forms of the interpolating
currents (symmetric and antisymmetric) for doubly heavy baryons with J = 1/2 can be written as
η(S) =
1√
2
εabc
2∑
i=1
{[
QaTAi1q
b
]
Ai2Q
′c + (Q↔ Q′)
}
(2)
and
η(A) =
1√
6
εabc
2∑
i=1
{
2
(
QaTAi1Q
′b
)
Ai2q
c +
(
QaTAi1q
b
)
Ai2Q
′c −
(
Q′a
T
Ai1q
b
)
Ai2Q
C
}
(3)
where a, b, and c are color indices, and
A11 = C, A
2
1 = Cγ5, A
1
2 = γ5, A
2
2 = βI (4)
2
where β is an arbitrary parameter and C is the charge conjugation operator.
The main idea of the LCSR is the calculation of the correlation function in two different domains. On
one hand, the correlation function is calculated in terms of hadrons. On the other hand, it is calculated in
the deep Euclidean domain, p2  0 and (p+ q)2  0, by using the operator product expansion (OPE) over
twist. Then, performing the corresponding Borel transformation in order to suppress the contributions from
higher states and the continuum and to enhance the contributions of the ground state, and matching these
results, we can get the desired sum rules.
The representation of the correlation function in terms of hadrons is obtained by inserting a complete
set of baryon states carrying the same quantum numbers as the interpolating currents and by isolating the
contribution of the corresponding ground states, namely
Π =
〈0 |η|B2(p2)〉 〈PB(p2) | B(p1)〉 〈B(p1) |η¯| 0〉
(p22 −m2B2)(p21 −m2B1)
+ higher states (5)
where mB2 and mB1 are the masses of the final and initial doubly heavy baryons, respectively. The matrix
elements in Eq. (5) are determined as
〈0 |η|B2(p2)〉 = λB2u(p2)
〈PB2(p2) | B1(p1)〉 = gB1B2P u¯(p2)iγ5u(p1)
(6)
where λ is the residue, gB1B2P is the relevant coupling constant of the doubly heavy baryons with the
corresponding pseudoscalar meson. Taking into account (6) in (5) and performing the summation over Dirac
bispinors for the physical part of the correlation function, we get
Π =
λB1λB2(/p+mB2)[iγ5](/p+ /q +mB1)gB1B2P
(p2 −m2B2)[(p+ q)2 −m2B1 ]
+ · · · (7)
where we denote p = p2 and p1 = p+ q. Among all possible structures, we choose the structure /p/qγ5 which
contain the maximal number of external momenta, which usually leads to a more reliable stability, namely
better predictions for the physical quantities. As a result for the physical part of the correlation function
(i.e focusing on the structure /p/qγ5), we get
Π = − λB1λB2gB1B2P
(p2 −m2B2)[(p+ q)2 −m2B1 ]
(8)
Performing a Borel transformation over variables −p2 and −(p+ q)2, we obtain
Π(B) = λB1λB2gB1B2Pe
−(m2B1+m
2
B2
)/2M2 (9)
On the other hand, the correlation function calculated from the QCD side by using the OPE over twist. It
involves the heavy quark propagator in the presence of a background field as follows from (1) after applying
the Wick theorem. As a result, we get
Π(SS) =
1
2
εabcεa
′b′c′
∫
d4x eipx
∑
ij
(Ai1)αβ(A
i
2)ργ(A˜
j
2)γ′ρ′(A˜
j
1)α′β′〈P(q)|{[Scc
′
Q′γγ′S
aa′
Qαβ′ + (Q↔ Q′)
− Sac′Qαγ′Sca
′
Q′γβ′ − (Q↔ Q′)]qbβ q¯b
′
α′}|0〉 (10)
Π(AA) =
1
6
εabcεa
′b′c′
∫
d4x eipx
∑
ij
(Ai1)αβ(A
i
2)ργ(A˜
j
2)γ′ρ′(A˜
j
1)α′β′〈P(q)|{4Sbb
′
Q′βα′S
aa′
Qαβ′q
c
γ q¯
c
γ′
3
− 2Sbc′Q′βγ′Saa
′
Qαβ′q
c
γ q¯
b′
α′ − 2Sac
′
Qαγ′S
ba′
Q′ββ′q
c
γ q¯
b′
α′ − 2Scb
′
Q′γα′S
aa′
Qαβ′q
b
β q¯
c′
γ′ + S
cc′
Q′γγ′S
aa′
Qαβ′qβ q¯
b
α′
+ qbβ q¯
b′
α′S
ac′
Qαγ′S
ca′
Q′γβ′ − 2qbβ q¯c
′
γ′S
ab′
Q′αα′S
ca′
Qγβ′ + q
b
β q¯
b′
α′S
ac′
Q′αγ′S
ca′
Qγβ′ + q
b
β q¯
b′
α′S
cc′
Qγγ′S
aa′
Q′αβ′}|0〉 (11)
Π(SA) =
1√
12
εabcεa
′b′c′
∫
d4x eipx
∑
ij
(Ai1)αβ(A
i
2)ργ(A˜
j
2)γ′ρ′(A˜
j
1)α′β′〈P(q)|{−2qcγ q¯b
′
α′S
bc′
Q′βγ′S
aa′
Qαβ′
+ 2qcγ q¯
b′
α′S
ac′
Qαγ′S
ba′
Q′ββ′ − qbβ q¯b
′
α′S
cc′
Q′γγ′S
aa′
Qαβ′ + q
b
β q¯
b′
α′S
ab′
Qαγ′S
ca′
Q′γβ′ + q
b
β q¯
b′
α′S
ac
Q′αγ′S
ca′
Qγβ′
− qbβ q¯b
′
α′S
aa′
Q′αβ′S
cc′
Qγγ′}|0〉 (12)
In these expressions, the superscripts (SS), (AA), and (SA) denote the symmetry property of the current η
and η¯, and A˜i = γ
0A†iγ
0. The heavy quark propagator in the presence of a background field in the coordinate
space is
Saa
′
Qαβ =
m2Q
4pi2
[
iK2(mQ
√−x2)/x
(
√−x2)2 +
K1(mQ
√−x2)√−x2
]
αβ
δaa
′ − gs
16pi2
mQ
∫ 1
0
du
{ iK1(mQ√−x2)√−x2 [u¯/xσλτ
+ uσλτ /x] +K0(mQ
√
−x2)σλτ
}
αβ
G
(n)
λτ
(
λn
2
)aa′
(13)
where G
(n)
λτ is the gluon field strength tensor, the λ
n are the Gell-Mann matrices, and the Ki(mQ
√−x2) are
the modified Bessel functions of the second kind. Now, using the Fiertz identities,
qbαq¯
b′
β → −
1
12
(Γi)αβδ
bb′ q¯Γiq (14)
and
qbαq¯
b′
β G
(n)
λτ → −
1
4
1
4
(
λn
2
)bb′
(Γi)αβ q¯ΓiG
(n)
λτ q (15)
we see that the following matrix elements appear in the calculation:
〈P(q) |q¯Γiq| 0〉 and
〈
P(q)
∣∣∣q¯ΓiG(n)λτ q∣∣∣ 0〉 (16)
In the expressions above, Γ1 = I, Γ2 = γ5, Γ3 = γα, Γ4 = iγαγ5, and Γ5 =
1√
2
σαβ . These matrix elements
are defined in terms of pseudoscalar meson distribution amplitudes (DAs), whose expressions are presented
in Appendix A.
Inserting Eqs. (13)-(15) into Eqs. (10)-(12), performing necessary calculations for the theoretical part
of the correlation function, and doing the doubly Borel transformation over variables −p2 and −(p+ q)2, we
get the following results:
Π(SS)theo =
M2
576pi2mQ′
{9M2(1− β)2mQµPI121 ((1− 2u)T (αi))
+M2(−1 + β)mQ′ [(−1 + β)µP [9I121 ((1− 2u)T (αi))− 56(−1 + µ˜2P)I222σ]− 336(1 + β)fPmQI123P ]
+ 56(1 + β)2m2Q′mQ(−1 + µ˜2P)µPI113σ} (17)
Π(AA)theo =
M2
1728pi2mQ′
{9M2(1− β)2mQµPI121
+M2(−1 + β)mQ′ [µP [9(−1 + β)I121 + 56(3 + β)(−1 + µ˜2P)I222σ]− 336(1 + 5β)fPmQI123P ]
+ 56(3 + β)(1 + 3β)m2Q′mQ(−1 + µ˜2P)µPI113σ} (18)
Π(SA)theo =
M2
288
√
6pi2mQ′
{9M2(−1 + β)mQµP [(−1 + β)I121 (T (αi)) + 2(3 + β)I121 (uT (αi))]
4
+M2(−1 + β)mQ′ [µP [9(−1 + β)I121 (T (αi))− 18(1 + 3β)I121 (uT (αi))− 56(−1 + β)(−1 + µ˜2P)I222σ]
− 336(1 + β)fPmQI123P ] + 56(1 + β)2m2Q′mQ(−1 + µ˜2P)µPI113σ} (19)
where we have defined
Iij1 (f(u)A(αi)) =
∫ αmax
αmin
dα
∫ u0
0
dα1
∫ 1−α1
1−u0
dα3 α
i−1(1− α)j−1 f(
u0−α1
α3
)
u0 − α1
dA(α1, 1− α1 − α3, α3)
dα3
e
−
(
m2Q
M2α
+
m2
Q′
M2(1−α)
)
(20)
Iij2σ = ϕσ(u0)
∫ αmax
αmin
dα αi−1(1− α)j−1
[
−(i+ j − 1)−
(
m2Q
M2α
+
m2Q′
M2(1− α)
)]
e
−
(
m2Q
M2α
+
m2
Q′
M2(1−α)
)
(21)
Iij3P = ϕP(u0)
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
M2α
+
m2
Q′
M2(1−α)
)
(22)
Iij3σ = ϕσ(u0)
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
M2α
+
m2
Q′
M2(1−α)
)
(23)
where
αmax,min =
1
2s0
[s0 +m
2
Q −m2Q′ ± ((s0 +m2Q −m2Q′)2 − 4s0m2Q)1/2] (24)
and N is the normalization factor which is equal to 1/
√
2 (1) for different (identical) heavy quark flavors.
Here, we should note that we present the results for the pion case, where we take m2pi → 0 for simplicity,
retaining m2pi in the terms
m2pi
mu+md
. For the kaon case, we take into account the contribution from all the terms.
As an example, we present the steps of calculations for one of the terms that appear in the calculation
of the theoretical part of the correlation function, and the results for the remaining terms are presented in
Appendix B.
We consider the term∫
du
∫
d4x ei(p+uq)x
Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j ϕ(u)
where ϕ(u) is a generic two-particle DA of the pseudoscalar meson. Using the integral representation of the
Bessel function,
Ki(mQ
√−x2)
(
√−x2)i =
1
2
∫ ∞
0
dt
1
ti+1
e−
mQ
2 (t+x
2
E/t) (25)
where x2E = −x2. Introduce the new variables a and b as a = 2mQt and b =
2mQ′
t′ . Performing the integration
over
∫
d4xE , we get
1
4
16
(2mQ)i
i
(2mQ′)j
pi2
∫
du
∫ ∞
0
da
∫ ∞
0
db ai−1bj−1ϕ(u)
1
(a+ b)2
e−P
2/(a+b)e−m
2
Q/a−m2Q′/b (26)
where P := pE + qEx. Introducing the identity
∫
dρ δ(ρ−a− b) = 1, making a scale transformation a→ ρα,
b→ ρβ, and performing the integration over β, we obtain
i
4
16pi2
(2mQ)i(2mQ′)j
∫ 1
0
du
∫ ∞
0
dα
∫ ∞
0
dρ
1
ρ
αi−1(1− α)j−1ρi+j−2e− p
2u¯+(p+q)2u
ρ e−
m2Q
ρα −
m2
Q′
ρ(1−α)ϕ(u) (27)
5
Performing the Borel transformations over variables −p2 and −(p+q)2 with the help of the formula Bˆe−αp2 =
δ
(
1
M2 − α
)
, we obtain
i
4
16pi2(M2)i+j
(2mQ)i(2mQ′)j
ϕ(u0)
∫ ∞
0
dα αi−1(1− α)j−1e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(28)
Let s denote
m2Q
α +
m2
Q′
1−α . Equating this to s0 in order to perform the subtraction of the continuum threshold,
we can find the bounds of α. As a result, we get
i
4
16pi2(M2)i+j
(2mQ)i(2mQ′)j
ϕ(u0)
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(29)
In these exressions,
M2 =
M21M
2
1
M21 +M
2
2
, u0 =
M21
M21 +M
2
2
(30)
Since in our case the mass of the initial and final baryons are practically the same, we put M21 = M
2
2 , which
gives us u0 = 1/2.
Matching the two representations of the correlation function for the relevant coupling constants, we ob-
tain
gB1B2P = −
1
λB1λB2
e(m
2
B1
+m2B2
)/2M2Πtheo (31)
3 Numerical analysis
In this section, we numerically analyze the LCSR for the strong coupling constants of the pi and K mesons
with the baryons Ξcc, Ξbb, Ξbc, Ξ
′
bc, Ωcc, Ωbb, Ωbc, and Ω
′
bc by using Package X [30]. The LCSR for the
coupling constants g
(SS)
B1B2P , g
(AA)
B1B2P , and g
(SA)
B1B2P include certain input parameters such as quark masses, the
masses and decay constants of the pseudoscalar mesons pi and K, and the masses and residues of doubly
heavy baryons. Some of these parameters are given in Table 1. Another set of essential input parameters
are the pseudoscalar meson DAs of different twists. These DAs are given as follows:
ϕP(u) = 6uu¯
[
1 + aP1 C1(2u− 1) + aP2 C3/22 (2u− 1)
]
(32)
ϕP (u) = 1 +
(
30η3 − 5
2
1
µ2P
)
C
1/2
2 (2u− 1) +
(
−3η3w3 − 27
20
1
µ2P
− 81
10
1
µ2P
aP2
)
C
1/2
4 (2u− 1) (33)
ϕσ(u) = 6uu¯
[
1 +
(
5η3 − 1
2
η3w3 − 7
20
µ2P −
3
5
µ2Pa
P
2
)
C
3/2
2 (2u− 1)
]
(34)
T (αi) = 360η3αq¯αqα2g
[
1 + w3
1
2
(7αg − 3)
]
(35)
The Ckn(x) are the Gegenbauer polynomials. The values of the parameters inside the distribution amplitudes
at the renormalization scale of µ = 1 GeV are: api1 = 0, a
pi
2 = 0.44, a
K
1 = 0.06, a
K
2 = 0.25, η3 = 0.015, and
w3 = −3 for the pion and w3 = −1.2 for the kaon.
From sum rules for the coupling constant, we see that besides input parameters, they contain three auxiliary
parameters: the Borel mass parameter, M2, the continuum threshold, s0, and the arbitrary parameter, β,
6
Table 1: Some of the input parameters used in our computations.
Parameter Value Parameter Value
ms (1 GeV) 137 MeV mΞcc 3.72 GeV [15]
mc 1.4 GeV mΞbb 9.96 GeV [15]
mb 4.7 GeV mΞbc 6.72 GeV [15]
mpi 135 MeV mΞ′bc 6.79 GeV [15]
mK 495 MeV mΩbb 9.97 GeV [15]
mΩcc 3.73 GeV [15]
fpi 131 MeV mΩbc 6.75 GeV [15]
fK 160 MeV mΩ′bc 6.80 GeV [15]
λΞcc 0.16 [15] λΩcc 0.18 [15]
λΞbb 0.44 [15] λΩbb 0.45 [15]
λΞbc 0.28 [15] λΩbc 0.29 [15]
λΞ′bc 0.30 [15] λΩ′bc 0.31 [15]
which appear in the expression for the interpolating current. Obviously, the measurable coupling constant
should be independent of them. Therefore, we must find the working regions of these parameters for which
the sum rules is reliable. The lowest bound of M2 is obtained by requiring the highest-twist terms contribu-
tions should be reasonably small compared to the lowest-twist term contributions. The upper bound of M2
is determined by demanding that the continuum contribution should be not too large. Consequently, we can
find the working region of the Borel parameter M2. The continuum threshold s0 is obtained by requiring
that the mass sum rules reproduce a 10% accuracy of the mass of doubly heavy baryons. These conditions
lead to the following values of M2 and s0 for its channel as follows:
ΞccΞccpi : M
2 ∈ [3, 6] GeV2, √s0 = 4.6 GeV
ΞbbΞbbpi : M
2 ∈ [10, 15] GeV2, √s0 = 10.9 GeV
ΩbbΞbbK : M
2 ∈ [10, 15] GeV2, √s0 = 10.9 GeV
ΩccΞccK : M
2 ∈ [3, 6] GeV2, √s0 = 4.6 GeV
ΩbcΞbcK : M
2 ∈ [6, 9] GeV2, √s0 = 7.5 GeV
(36)
With the antisymmetric-antisymmetric current,Ξ′bcΞ′bcpi : M2 ∈ [6, 9] GeV2,
√
s0 = 7.5 GeV
Ω′bcΞ
′
bcK : M
2 ∈ [6, 9] GeV2, √s0 = 7.5 GeV
(37)
With the symmetric-antisymmetric current,Ξ′bcΞbcpi : M2 ∈ [6, 9] GeV2,
√
s0 = 7.5 GeV
Ω′bcΞbcK : M
2 ∈ [6, 9] GeV2, √s0 = 7.5 GeV
(38)
Our calculation shows that the twist-4 term contributions in these domains of M2 at given values of s0 does
not exceed 14% and higher states contribute at maximum 32% for all considered channels. As an example,
in Figure 1, we present the M2 dependence of gΞccΞccpi at fixed values of s0 and β. Having the working
regions of M2 and s0, we try to find the working region of β. For this aim, we study the dependence of the
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Figure 1: The dependence of the strong coupling constant gΞccΞccpi on M
2 at different s0 values and β = 0.75.
Table 2: The numerical values for the strong coupling constants.
Channel Strong coupling constant
SS
ΞccΞccpi 10.03± 0.52
ΞbbΞbbpi 12.73± 1.29
ΩbbΞbbK 17.40± 1.89
ΩccΞccK 12.50± 0.75
ΩbcΞbcK 5.08± 0.43
AA
Ξ′bcΞ
′
bcpi 6.85± 0.06
Ω′bcΞ
′
bcK 7.90± 0.16
SA
Ξ′bcΞbcpi 1.49± 0.10
Ω′bcΞbcK 2.03± 0.16
strong coupling constant on cos θ, where β = tan θ. We will search for a domain for β such that the results
are insensitive to the variation in β. As an example, the dependence of the strong coupling constant gΞccΞccpi
on cos θ at fixed values of M2 and
√
s0 = 4.6 GeV is presented in Figure 2. From Figure 2, one can see that
when cos θ varies between 0.6 and 1, the coupling constant practically does not change and we deduce the
values in Table 2. Performing similar calculations for the remaining of the strong coupling constants, we
obtain the results that are summarized in Table 2. The uncertainties are due to the variation of M2, s0, and
errors in the values of the input parameters.
We would like to say a few words on the results obtained. In the case of symmetric currents, the dif-
ference in the values of the couplings constants of ΞQQΞQQpi and ΩQQΩQQK are primarily due to the SU(3)
symmetry violation. We mainly see that the SU(3) violation in the c sector is about 20% but in the b
sector, it is about 30-35%. In the case of antisymmetric currents, the SU(3) violation is about 15-20%;
however, in the case of symmetric-antisymmetric current, the violation of SU(3) is about 35%, similar to
the antisymmetric-antisymmetric case. Our final remark to this section is as follows. As we have already
noted that the ΞccΞccpi and ΞbbΞbbpi coupling constants within the same framework is calculated in [29]
and our results differ from the one given in [29]. In our opinion, these differences are due to the following
circumstances: (i) The main equation, Eq. (8) of [29] is incorrect. It is due to the following simple fact. Let
us consider the terms without t (in our case, it is β) in Eq. (8). By using Eq. (11), from Eq. (8) with Γ = γ5
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Figure 2: The dependence of the strong coupling constant gΞccΞccpi on cos θ at different M
2 values and√
s0 = 4.6 GeV.
or Γ = γµγ5, immediately one gets that the terms which φpi and φP do not contribute to the correlation
function. But, these terms appear in Eq. (26), which seems highly strange. (ii) The continuum subtraction
procedure performed in [29] is inconsistent. This is due to the apparent fact that the variables z and s are
related as
m21
z +
m22
1−z = s. However, in [29], z and s are introduced as two independent variables, which is
incorrect. Using these facts one can conclude that the results of [29] are not reliable.
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A Distribution amplitudes of the pion and kaon
In this appendix, we present explicit expressions for the DAs of the pi meson. For more information, see [31]
and [32].
〈P(p) |q¯(x)γµγ5q(0)| 0〉 = −ifPpµ
∫ 1
0
du eiu¯px
[
ϕP(u) +
1
16
m2Px
2Aˆ(u)
]
− i
2
fPm2P
xµ
px
∫ 1
0
du eiu¯pxBˆ(u)
(39)
〈P(p) |q¯(x)iγ5q(0)| 0〉 = µP
∫ 1
0
du eiu¯pxϕP (u) (40)
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〈P(p) |q¯(x)σαβγ5q(0)| 0〉 = i
6
µP(1− µ˜2P)(pαxβ − pβxα)
∫ 1
0
du eiu¯pxϕσ(u) (41)
〈P(p) |q¯(x)σµνγ5gsGαβ(vx)q(0)| 0〉 = iµP
{
pαpµ
[
gνβ − 1
px
(pνxβ + pβxν)
]
− pαpν
[
gµβ − 1
px
(pµxβ + pβxµ)
]
− pβpµ
[
gνα − 1
px
(pνxα + pαxν)
]
+ pβpν
[
gµα − 1
px
(pµxα + pαxµ)
]}
×
∫
Dα ei(αq¯+vαg)pxT (αi) (42)
〈P(p) |q¯(x)γµγ5gsGαβ(vx)q(0)| 0〉 = pµ(pαxβ − pβxα) 1
px
fPm2P
∫
Dα ei(αq¯+vαg)pxA‖(αi)
+
{
pβ
[
gµα − 1
px
(pµxα + pαxµ)
]
− pα
[
gµβ − 1
px
(pµxβ + pβxµ)
]}
× fPm2P
∫
Dα ei(αq¯+vαg)pxA⊥(αi) (43)
〈P(p) |q¯(x)γµigsGαβ(vx)q(0)| 0〉 = pµ(pαxβ − pβxα) 1
px
fPm2P
∫
Dα ei(αq¯+vαg)pxV‖(αi)
+
{
pβ
[
gµα − 1
px
(pµxα + pαxµ)
]
− pα
[
gµβ − 1
px
(pµxβ + pβxµ)
]}
× fPm2P
∫
Dα ei(αq¯+vαg)pxV⊥(αi) (44)
where
µP = fP
m2P
mq1 +mq2
, µ˜P =
mq1 +mq2
mP
(45)
where mq1 = mu and mq2 = md for the pion, and mq1 = mu and mq2 = ms for the kaon. Here, ϕP(u),
Aˆ(u), Bˆ(u), ϕP (u), ϕσ(u), T (αi), A⊥(αi), A‖(αi), V⊥(αi), and V‖(αi) are the distribution amplitudes of
the pseudoscalar meson with definite twist.
B Theoretical results in computing the correlation function
In this appendix, we present the theoretical results that appear in the calculation of the correlation function
from the QCD side.∫
du
∫
d4x xµϕ(u)
Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j e
i(p+uq)x → i
4
16pi2(M2)i+j−1
(2mQ)i(2mQ′)j
ϕ(u0)[−2i(p+ u0q)µ]
×
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(46)
∫
du
∫
d4x x2ϕ(u)
Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j e
i(p+uq)x → 1
4
i
(2mQ)i
16pi2
(2mQ′)j
4ϕ(u0)(M
2)i+j−1
×
∫ αmax
αmin
dα αi−1(1− α)j−1
[
−(i+ j − 1)−
(
m2Q
α
+
m2Q′
1− α
)
/M2
]
e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(47)
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1qx
∫
du
∫
d4x
Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j ϕ(u)e
i(p+uq)x → (−i) i
4
16pi2
(2mQ)i(2mQ′)j
(M2)i+jΦ(u0)
×
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(48)
xµ
qx
∫
du
∫
d4x
Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j ϕ(u)→
i
4
16pi2
(2mQ)i(2mQ′)j
(−i)(M2)i+j−1Φ(u0)[−2i(p+ u0q)µ]
×
∫ αmax
αmin
dα αi−1(1− α)j−1e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
(49)
∫
du
∫
d4x
∫
dx1 dx3 e
i(p+q+ux3)xA(x1, 1− x1 − x3, x3)Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j →
i
4
16pi2(M2)i+j
(2mQ)i(2mQ′)j
×
∫ αmax
αmin
dα
∫ u0
0
dx1
∫ 1−x1
u0−x1
dx3
1
x3
e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
αi−1(1− α)j−1A(x1, 1− x1 − x3, x3)
(50)
1
qx
∫
du
∫
d4x
∫
dx1 dx3 e
i(p+q+ux3)xA(x1, 1− x1 − x3, x3)Ki(mQ
√−x2)
(
√−x2)i
Kj(mQ′
√−x2)
(
√−x2)j → (−i)
i
4
16pi2(M2)i+j
(2mQ)i(2mQ′)j
×
∫ αmax
αmin
dα
∫ u0
0
dx1
∫ 1−α1
1−u0
dx3
u0 − x1
x23
e
−
(
m2Q
α +
m2
Q′
1−α
)
/M2
Aˆ(x1, 1− x1 − x3, x3)
(51)
where Aˆ(x, 1− x1 − x3, x3) =
∫ x3
0
dx A(x1, 1− x1 − x, x) and Φ(u) =
∫ u
0
dv φ(v).
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